Theoretical spectroscopic parameters are derived for all isotopologues of HCO + and HOC + involving H, D, 16 O, 17 O, 18 O, 12 C, and 13 C by means of a two-step procedure. Full-dimensional rovibrational calculations are first carried out to obtain numerically exact rovibrational energies for J = 0 − 15 in both parities. Effective spectroscopic constants for the vibrational ground state, ν1, ν2, and ν3 are determined by fitting the calculated rovibrational energies to appropriate spectroscopic Hamiltonians. Combining our vibration-rotation corrections with the available experimental ground-state rotational constants, we also derive the new estimate for the equilibrium structure of HCO + , re(CH)=1.091 98Å and re(CO)=1.105 62Å, and for the equilibrium structure of HOC + , re(HO)=0.990 48Å and re(CO)=1.154 47Å. Regarding the spectroscopic parameters, our estimates are in excellent agreement with available experimental results for the isotopic variants of both HCO + and HOC + : the agreement for the rotational constants Bv is within 3 MHz, for the quartic centrifugal distortion constants Dv within 1 kHz, and for the effective ℓ-doubling constants qv within 2 MHz. We thus expect that our results can provide useful assistance in analyzing expected observations of the rare isotopologues of HCO + and HOC + that are not yet experimentally known. * Corresponding author; Electronic address: Mirjana.
I. INTRODUCTION
Electrons and ions play a significant role in interstellar physical chemistry and for the modelling of the composition of the interstellar medium. Knowledge about their abundances gives important information regarding the sources which heat and ionize the gas. Protonated carbon monoxide may appear as the formyl cation, HCO + , or as the isoformyl cation, COH + . The formyl cation is an abundant species in outer space, observable in many objects. In ion-molecule chemistry, HCO + is the cornerstone species with an important role in astrochemical models of chain reactions leading to the formation of organic molecules. 1 The formation and depletion mechanism of HOC + , as well as the abundance ratio [HCO + ]/[HOC + ], have attracted a lot of interest. 2, 3 HCO + and HOC + remain the only known example of isomeric interstellar ions. 4, 5 During a search for HCN, Buhl and Snyder detected a new molecular line at 89.190 GHz in several interstellar media, whose carrier was named X-ogen, meaning that "it has an extraterrestial origin". 6 The assignment of this transition to HCO + proposed by Klemperer 7 was confirmed in the laboratory by Woods and coworkers 8 five years later. Since then the rotational spectrum of HCO + has been extensively studied. 1, [9] [10] [11] [12] [13] The recording of the pure rotational transitions in the ground vibrational state has been extended up to 1.6 THz, i.e. the transition J = 17 → 16. 13 The band origins for all three vibrational fundamentals were determined by infrared laser spectroscopy, covering the stretching ν 1 mode, 14, 15 the bending ν 2 mode, 16, 17 and the stretching ν 3 mode. 18, 19 The hot bands in the region of ν 1 and ν 3 are also known. [20] [21] [22] Some higher vibrationally excited states of HCO + were characterized experimentally. [23] [24] [25] Rotational transitions in the vibrationally excited state could be of astronomical interest in hot, dense environments. The stability of HCO + is apparent from the low ioniza-tion potential of HCO of 8.27 eV known from photoelectron spectroscopy. 26 In outer space, HCO + has been detected in various regions, such as e.g. star-forming regions, 27, 28 diffuse clouds, 29 circumstellar envelopes, 30 and circumstellar disks. 31, 32 The first spectroscopic detection of HOC + was made in 1982 by Gudeman and coworkers, 33, 34 who observed the lowest (J = 0 → 1) rotational transition of HOC + , HO 13 C + , and H 18 OC + in laboratory direct-current glow discharges. Blake at al. 35 extended the laboratory measurements up to 350 GHz by recording the rotational transitions up to J = 3 → 4. Woods et al. 36 undertook a detailed search in the interstellar medium at 14 different locations, tentatively identifying a weak emission line in Sgr B2 as the J = 1 → 0 transition of HOC + . This detection was, however, viewed with skepticism because of the high reactivity of HOC + . The observation reported by Ziurys and Apponi 37 towards several sources provided a final confirmation of interstellar HOC + . Since then HOC + has been observed in interstellar environments in both dense [36] [37] [38] and diffuse 39 molecular clouds, including photon-dominated regions. 40 Isomer ratios [HCO + /HOC + ] between 300 and 6000 are reported in different interstellar regions. 3, 41, 42 High-resolution infrared spectroscopy has provided information on the excited vibrational states of HOC + . 41 The infrared absorption of the ν 1 band was detected by Nakanaga and Amano in a hollow-cathode discharge in a mixture of CO and H 2 . 43 Amano 44 suggested that the ν 2 frequency of HOC + is likely lower than 300 cm −1 from the observation of the ν 1 +ν 2 −ν 2 combination band, suggesting that ν 2 is a large-amplitude motion. The pure rotational transitions in the ν 2 excited state of HOC + were investigated a few years later by Amano and Maeda. 45 No experimental information is available for the stretching ν 3 mode.
Several isotopologues of HCO + and HOC + were observed in the laboratory and in outer space, 1, 9, 33, [46] [47] [48] [49] [50] but not all of them. The situation with the rare isotopes is expected to change with the increasing sensitivity of receivers and large collecting areas. The Northern Extended Millimeter Array (NOEMA) radiotelescope will double the number of antennas (to twelve) by 2019, which will improve its spatial resolution and sensitivity, such that NOEMA will soon become the most advanced facility for millimeter radio astronomy in the Northern Hemisphere. 51 To fully exploit advanced facilities (such as Herschel, ALMA, SOFIA), spectroscopic studies over larger energy ranges are needed already now, in particular for molecular systems of astrophysical/astrochemical relevance, such as HCO + .
In astrochemical models, isotope fractionation reactions were introduced to describe the enrichment of heavy isotopes in dark interstellar clouds. 52, 53 These enrichment processes are also important in geochemistry. 54 The isotope fractionation reaction of HCO + /HOC + with CO was a subject of our recent studies, 55, 56 which provide new exothermicities and rate coefficients relevant for temperatures of dark interstellar cloud environments for all the isotopologues involving 12 C, 13 C, 16 O, 17 O, 18 O, H, and D. These results were obtained with the help of the global three-dimensional potential energy surface (PES) previously developed for the isomerizing system HCO + /HOC + at the CCSD(T)/cc-pVQZ level of theory. 57 The localized HCO + and HOC + energy levels below the ground-state adiabatic isomerization barrier for J = 0 − 2 and all bound vibrational levels for J = 0 (in total 6042 bound states up to the first classical dissociation limit H + +CO at 51 621 cm −1 ) were studied for the CCSD(T)/cc-pVQZ PES in our original work. 57 A simple empirical model, developed there to simulate energy level pattern of isomerizing linear triatomic molecules, is useful for chemical models at high temperatures. To our knowledge, the CCSD(T)/cc-pVQZ potential energy surface remains the only available functional representation designed for both HCO + and HOC + , based on higher-energy ab initio points, too. Its accuracy was documented previously. 57 In the present work, we revisit the CCSD(T)/cc-pVQZ PES with the purpose of providing a spectroscopic characterization of the isotopologues of HCO + and HOC + by theoretical means. Quantum mechanical calculations of the rovibrational energies are performed by means of the DVR+DGB method (Section II). The computed energies are used to derive the parameters of the effective spectroscopic Hamiltonian (Section III A). Using the experimental ground-state rotational constants B 0 in combination with our theoretical rotation-vibration corrections (obtained beyond a perturbational approach), we additionally determine a new estimate for the equilibrium structure of both HCO + and HOC + (Section III B). Least-squares procedures for the linear and nonlinear fitting are used. 58 Nominal abundances of carbon isotopes 12 C and 13 C are 98.90(3) and 1.10(3)%, nominal abundances of oxygen isotopes 16 O, 17 O, and 18 O are 99.762 (15) , 0.038(3), and 0.200(12)%; and, finally, nominal abundances of H and D are 99.985(1) and 0.015(1)%, as given by Mills and coworkers. 59 In the present work, the mass numbers are stated for each of the elements in the chemical formulas only in Tables I-IV. In the rest of the text, we provide the isotope information in chemical formulas only if the isotope is not the most abundant.
II. THEORETICAL ASPECTS
In the calculations of the rovibrational energies of HCO + /HOC + , we have employed orthogonal (Jacobi) internal coordinates (r, R, θ) in the body-fixed formulation, where r is the CO bond length, R the distance from the proton to the center of mass of the C-O subunit, and θ the angle between the Jacobi vectors r and R. The two-vector embedded body-fixed reference frame is chosen such that the body-fixed z-axis is aligned with the bond-distance vector r. 60 The nuclear dynamics calculations were carried out by means of the discrete variable representation (DVR) for the angular coordinate in conjunction with real two-dimensional distributed Gaussian basis (DGB) functions for the radial degrees of freedom. Using a sequential diagonalization and basis-set truncation, the computational strategy leads to a very compact final rovibrational basis of relatively modest size. This approach is termed DVR+DGB and involves no dynamical approximation. 57, 61 We use the global three-dimensional potential energy surface developed for HCO + /HOC + in its electronic ground state ( 1 Σ + ) at the CCSD(T)/cc-pVQZ level of theory by Mladenović and Schmatz. 57 This is an isomerizing system with a bare barrier to isomerization at 26838 cm −1 (3.33 eV) relative to the global HCO + minimum. The isoformyl molecular ion, HOC + , is 13876 cm −1 (1.72 eV) higher in energy than HCO + . On this PES, the equilibrium distances of HCO + are r e (CH)=1.0935Å and r e (CO)=1.1086Å. For HOC + , we have r e (HO)=0.9904Å and r e (CO)=1.1579Å.
For HCO + /HOC + and DCO + /DOC + , we consider all the isotopic variants of 12 C, 13 C, 16 O, 17 O, and 18 O. The rovibrational calculations were carried out for the total rotational angular momentum J as high as J = 15 in both parities for each of the species (in total 24 species). Additional calculations were performed also for J = 30 for the purpose of verifying the derived spectroscopic constants.
III. RESULTS
The vibrational states of HCO + and HOC + are labelled by (v 1 , v ℓ 2 , v 3 ), where v 1 , v 3 are quantum numbers for the stretching ν 1 , ν 3 vibrations and v 2 for the doubly degenerate bending ν 2 vibration. The vibrational angular momentum quantum number is ℓ. The total rotational quantum number J and parity p are strictly con-served. The energy of the state (ν 1 , ν ℓ 2 , ν 3 ) is denoted by E v1,v ℓ 2 ,v3 or E v1,v2,v3 .
A. Spectroscopic parameters
We follow common practice of experiment. The rovibrational energies computed for a vibrational Σ state v are fitted to the standard polynomial expansion in J(J + 1),
(1)
For a Π state, we use the expansion
In Eqs. (1) and (2), T v is the term energy and B v the effective rotational constant. The centrifugal distortion contribution is expressed in terms of the quartic centrifugal distortion constant D v and the higher order constants, such as H v (sextic), L v (octic), and so on. The rotational dependence of the ℓ-type doubling contribution is described by a polynomial in J(J + 1), with q v being the ℓ-type doubling constant. The parameters q J v , q JJ v , and so on are the centrifugal distortion corrections. Lattanzi et al. 1 also used the expansions of Eqs. (1) and (2) in their analysis of laboratory data on HCO + , DCO + , H 13 CO + , and D 13 CO + .
The spectroscopic parameters obtained in the fit for the vibrational ground state and the excited ν 1 , ν 2 and ν 3 states are summarized in Tables I and II for the isotopic variants of HCO + and in Tables III and IV for the isotopic variants of HOC + . Available experimental data are also given there. We use X 0 , X 1 , X 2 , X 3 to denote the value of the parameter X in the vibrational states (0, 0 0 , 0), (1, 0 0 , 0), (0, 1 1 , 0), and (0, 0 0 , 1), respectively. The Π state (0, 1 1 , 0) is accessible for J ≥ 1 only. It has two components of different parities, denoted by (0, 1 1e , 0) and (0, 1 1f , 0) in the convention of Brown et al. 66 for the labeling of parity doublet levels in linear molecules. In Eq. (2), the plus sign is used for the level (0, 1 1f , 0). The effective spectroscopic parameters of Eq. (2) reported for (0, 1 1 , 0) in Tables I-IV are computed by means of the two-step procedure employing
and
where E f 2 (J) and E e 2 (J) are the energies of (0, 1 1f , 0) and (0, 1 1e , 0), respectively. In regular spectroscopic situations, E f 2 (J) > E e 2 (J) holds. In the fitting procedure, higher-order rotational Hamiltonians were also considered since we use high J values. The sixth-order spectroscopic Hamiltonian was found satisfactory to describe the rotational excitation in the vibrational states of HCO + in Table I and DCO + in Table II, except for the ν 1 state of DCO + . To fit centrifugal distortion effects in ν 1 of DCO + , terms higher than L 1 were necessary. In the case of HOC + , terms up to L v are used for the ground vibrational state, ν 1 , and ν 2 and up to K v for ν 3 in Table III . The terms up to K v are used for all four states of DOC + in Table IV . The fit standard deviations σ in Tables I-IV are approximately 10 Hz. The maximum deviation is 22 Hz in Table I, 40 Hz in Table  II, 37 Hz in Table III, and 13 Hz in Table IV . The fitted rotational energies are up to approximately 350 cm −1 (about 10 THz) for J = 15.
Combining microwave data coming from different experimental groups, Lattanzi et al. 1 derived the spectroscopic parameters for the ground vibrational state of HCO + , which include a large, negative sextic centrifugal distortion constant, H 0 = −0.341(156) Hz. This finding for H 0 led Tinti et al. 12 to reinvestigate the rotational transitions of HCO + , reporting H 0 = 0.083(36) Hz with an uncertainty of 43%. Cazzoli et al. 13 recorded the rotational transitions in the frequency range 1-1.6 THz and derived H 0 = 0.0774(58) Hz with an uncertainty of 7.5% in their Fit 2. Including the octic centrifugal distortion constant (Fit 1), they found H 0 =0.137(46) Hz and L 0 =-0.118(91) mHz, so that H 0 with an uncertainty of 34% became less accurate. Since Cazzoli et al. 13 suggested that Fit 2 is more reliable than Fit 1, we quote their values from Fit 2 in Table I . These authors also reported the equilibrium sextic centrifugal distortion constant H e = 0.060 Hz, obtained by the vibrational secondorder perturbational approach at the CCSD(T)/aug-cc-pCV5Z level of theory.
The sextic centrifugal distortion constant H 0 for the ground vibrational state of HCO + in Table I is explicitly H 0 = 0.0711171(59) Hz, where the uncertainty in the last digits quoted in parentheses is one standard deviation. To test the quality of our H 0 , we included J = 20 and J = 30 transitions in the fitting procedure, yielding H 0 =0.07071(1) Hz with σ 0 = 506 Hz for the sixthorder rotational representation and H 0 =0.0712989(4) Hz, L 0 =-0.0004022(3) mHz, and σ 0 =1.41 Hz for the eighthorder rotational representation. The latter H 0 value and H 0 from Table I differ by 0.00018 Hz (0.25%). The difference between our H 0 and the result of Cazzoli et al. 13 is 0.006 Hz (less than 10%).
Individual standard deviations of the fitting param- Tables I-IV are not listed for brevity. For a given model, the vast majority of the parameters are found to be statistically well-defined, with an uncertainty of less than 1%. All the parameters for the isotopic variants of HCO + in Table I have an uncertainty of less than 0.1%. Uncertainties of three parameters in Table II, five in Table III, and three in Table IV are  larger than 5%. In Table II , for instance, these are
For all the systems in Tables I-IV , we additionally calculated the rovibrational energies for J = 30 in both parities and compared them with the predictions from the term formulas. We found an agreement better than 1 MHz for all 24 systems in the vibrational ground state, as well as for HCO + and DCO + in the excited ν 2 and ν 3 states. For the HOC + and DOC + forms in the excited ν 1 , ν 2 , and ν 3 states, the agreement is within 17 and 7 MHz, respectively. The rotational excitation in the ν 1 state of the D 12 CO + forms is predicted better than 10 MHz. For Tables I-IV are approximately 200 MHz smaller than the experimental values. These discrepancies arise primarily from the equilibrium distances, found to be slightly too long (approximately 0.2-0.3 %) for the CCSD(T)/cc-pVQZ potential energy surface. 57 In the traditional spectroscopic approach, 67 the rovibrational correction S v1,v2,v3 to the equilibrium rotational constant B e is given by
where α i is a vibration-rotation interaction constant for the ith vibrational mode with the degree of degeneracy d i , in fact
For the ground vibrational state, this gives
so that
From our calculations, on the other hand, we have
where B th e and B th 0 are theoretical values of the rotational constant at equilibrium and in the ground vibrational state, respectively. Thus
where α th i = B th 0 − B th i . The equilibrium rotational constant B th e provides the major contribution to B th i in Eq. (10). Replacing B th e with another value B est e , we obtain new estimates for the ground state rotational constant, B est 0 , and for the rotational constant in the excited ith vibrational mode, B est i , as follows
respectively. Hereby we assume that ∆B 0 and α th i are unchanged with respect to Eqs. (9) and (10), in fact that the coupling between the overall rotation and vibrations is well described by the computational approach employed. To obtain good estimates B est i in Eq. (11), we need a best possible estimate B est e . In Tables I-IV 
we determined from eight B est e values the equilibrium distances r e (CH) and r e (CO) of HCO + by means of a nonlinear least-squares technique (the Levenberg-Marquardt algorithm). The calculated distances r e (CH) and r e (CO) are listed in Table V , along with the values recommended by Botschwina et al., 68 Puzzarini et al., 62 and Dore et al. 69 The equilibrium distances due to Puzzarini et al. 62 are quoted there with the uncertainty of one standard deviation, as given also in Ref. 69 . Dore et al. 69 derived the equilibrium structure of HCO + from the millimeter wave spectroscopy data for the four species HCO + , DCO + , H 13 CO + , and HC 18 O + . In our Fit 4, we employ the data from Tables I and II only for these four systems. Our results in Table V agree nicely with the experimental values of Dore and coworkers, 69 with our r e (CH) distance being shorter by 6×10 −5Å and r e (CO) longer by 3.5×10 −5 A. The agreement of the corresponding B e constants is within 1.6 MHz. Table V provides also the equilibrium structure computed by Czakó et al. 70 at the all electron CCSD(T)/aug-cc-pCVQZ level of theory. Compared to the results of Dore et al. 69 and found here, the theoretical r e (CH) and r e (CO) values of Czakó et al. 70 are both longer, r e (CH) by 5×10 −4Å and r e (CO) by 1×10 −3Å , whereas B e is smaller by 74 MHz.
The equilibrium structure of HOC + was a subject of controversy. From the observation of the isotopic variants H 18 OC + and HO 13 C + , Gudeman and Woods 33 derived a preliminary substituted r s structure of HOC + , with the substitution bond lengths equal to r s (CO) = 1.1595Å and r s (OH) = 0.9342Å. Compared to available theoretical values, 72 r e (CO) = 1.1536Å and r e (OH) = 0.9892Å, the result for r s (OH) appeared to be too short. This discrepancy has been ascribed to a very low-frequency bending mode. Gudeman and Woods 33 also suspected that the bending potential of HOC + may possibly be showed that HOC + is not quasilinear, but linear with a very shallow bending potential.
To derive the equilibrium structure of HOC + , we employ the ground-state rotational constants for HOC + and DOC + due to Amano and Maeda. 45 From the J = 0 → 1 transition, observed for HO 13 C + and H 18 OC + by Gudeman and Woods, 33, 34 we derive the rotational constant
where ∆E 1 0 stands for the lowest transition. For D 0 , we employ our result from Table III . The values obtained with the help of Eq. (13) are listed in Table III as experimental B 0 results for HO 13 C + and H 18 OC + . The computed equilibrium distances r e (HO) and r e (CO) are provided in Table V . In Fit 2, we use only the experimental B 0 values reported by Amano and Maeda. 45 Values in parentheses show one standard error to the last significant digits of the distances.
The best estimate of Martin et al. 71 and the values recommended by Botschwina et al. 68 are also shown. Our finding agrees with the results from Refs. 68,71 within 0.002Å and 0.0001-0.0002Å for r e (HO) and r e (CO), respectively.
The equilibrium structures of Table V for HCO + and HOC + are used to compute the best estimates B est e of the equilibrum rotational constants. Having derived B est e , the best estimates B est i of the effective rotational constant for the ith fundamental vibration are calculated using Eq. (11) . The values of B est i are given in Tables  I-IV , where we also list the theoretical vibration-rotation constants α 1 , α 2 , α 3 . As seen, our B est 2 values are smaller and B est 1 , B est 3 larger by at most 3 MHz than the experimental results.
Additional note is needed regarding the procedure we use to derive the equilibrium structure of HCO + and HOC + . We compute the equilibrium distances by nonlinear least-squares fittings of B est e , computed from the experimental B exp 0 and theoretical ∆B 0 = B th e − B th 0 values. Each of the input data was associated with a standard deviation σ esp . Experimental standard deviations σ e for B exp 0 are known from the literature, 1, 9, 13, 33, 34, 45, 49, 50, 62 varying from 0.00016 MHz to 0.060 MHz. For standard deviations σ ∆ of ∆B 0 , we used standard deviations of our B 0 values, which are in order of 10 −7 MHz and thus much smaller than σ e . Herewith the description of our mathematical model is completed. The equilibrium distances shown in Table V should be viewed as the least-squares solutions to this well-postulated mathematical problem. The standard deviations in order of 10 −6Å in Table V are a mathematical (quantitative) measure of the accuracy of r e with respect to the model used. The accuracy of our model is defined by the accuracy of the experimental data coming from different sources and the accuracy of the CCSD(T)/cc-pVQZ potential energy surface. The PES does not include effects beyond the Born-Oppenheimer approximation or relativistic corrections. This deficiency, however, poses no major problem since we use the PES only to determine ∆B 0 . We expect small change of excluded electronic-structure contributions over the coordinate range relevant in our calculations. Good agreement of our results with known experimental data in Tables I-III supports this statement. To exemplify the changes of the equilibrium rotational constant with the equilibrium distances reported so far, we provide also the corresponding B e values in Table V .
IV. FINAL REMARKS
In the present work, we employed a pure ab initio potential energy surface in combination with the exact kinetic energy operator and an efficient numerical approach to calculate the rovibrational energies of HCO + and HOC + for J = 0 − 15. Fitting them to appropriate spectroscopic formulae, we derived the theoretical spectroscopic parameters, including higher-order centrifugal distortion constants. Since the fit standard deviations are approximately 10 Hz (3 · 10 −10 cm −1 ), the spectroscopic parameters provide a compact representation of the calculated rovibrational energies and allow for a quick comparison with experiment. This type of analysis was carried out for each of the isotopologues of HCO + and HOC + involving H, D, 16 O, 17 O, 18 O, 12 C, and 13 C. As such, these results form a consistent set of data. Combining the experimental B 0 rotational constants with our vibration-rotation corrections ∆B 0 for the ground vibrational state, we additionally derived the equilibrium structures of HCO + and HOC + .
In experimental approaches, the vibration-rotation interaction constants α 1 , α 2 , α 3 are used to determine the vibration-rotation correction S 0 of Eq. (7) in the ground vibrational state. For small-amplitude vibrations (rigid molecular systems), S 0 ≈ ∆B 0 holds. In other cases, the use of S 0 may lead to the equilibrium structure inconsistency problem. This was reported by Dore et al. 69, 74 for the case of the formyl cation. These authors invoked the vibration-rotation Coriolis interaction to deperturb the state (1, 0, 0) involved in their description in the Coriolis coupling with (0, 1 1 , 1), most strongly exhibited in DCO + . Inclusion of additional terms into the effective spectroscopic Hamiltonian is a standard procedure for improving the spectroscopic model, effectively based on the harmonic-oscillator-rigid-rotor description as a zeroorder picture. We only note that the Coriolis coupling term in our calculations plays an ordinary (usual) role in the overall internal dynamics of the formyl cation at lower energies. 57 From the experimental B exp i values listed in Table  II for DCO + , one finds using the expression of Eq. (6) that the experimental vibration-rotation interaction constants are α exp 1 = 227.44 MHz, α exp 2 = −96.9 MHz, and α exp 3 = 206.42 MHz. They agree with our α i results within 2.6 MHz. From α exp i and α i , we calculate S exp 0 = 120.03 MHz and S 0 = 120.01 MHz according to Eq. (7) . These S 0 values are smaller by 53.5 MHz than ∆B 0 (DCO + )=173.53 MHz in Table II . For the other species involved in our fitting procedure, the difference ∆B 0 − S 0 amounts to 32.2 and -25.5 MHz for DC 18 O + and D 13 CO + , respectively, whereas it varies from -1.6 to 1.5 MHz for the hydrogen-containing forms. This is clear evidence for somewhat different internal dynamics in the HCO + and DCO + isotopologues.
To extract information about the equilibrium structure from the experimental rotational B 0 constants, we actually need the quantity ∆B 0 . This information as such is not accessible to experiment in an easy fashion. In perturbational approaches, B 0 is computed as the vibrationally averaged rotational constant by using some (rigid-rotor) formula for the rotational constant or as B e −S 0 . Due to this inherent problem, the perturbatively computed ∆B 0 values are at best of a semi-quantitative nature. We are thus left with the variational method as the only approach capable of providing well-founded ∆B 0 values that may assist experiment in the evaluation of the equilibrium structure. This is the line of reasoning followed in the present work. As we go further away from rigid molecular systems, this reasoning becomes even more important. In the case of larger systems, where the full-dimensional variational calculation is currently out of reach, we may use a reduced-dimensionality description of the internal motion to obtain variationally computed ∆B 0 values. In the reduced-dimensionality description, one combines as accurate as possible representations for those degrees of freedom dominating the internal dynamics with a simpler (even harmonic) picture for the other (kineticly inactive) modes. Descriptions of this type are successfully used for weakly bound complexes.
The rovibrational calculations presented in this work were carried out using the atomic masses (given by Mills et al. 59 ). This is common practice in quantum mechanical considerations of the internal molecular motion. In the framework of the Born-Oppenheimer approximation, the nuclear motion should, strictly speaking, involve the nuclear masses. To investigate the influence of the atomic versus nuclear masses on the rovibrational states of HCO + /HOC + , we performed two test calculations. These results are summarized in Table VI . In Test 1 we replaced m(H) with the proton mass and in Test 2 we used the nuclear masses of H, C, and O. The reference computation with the atomic masses is denoted as Test 0. The test calculations were carried out for J = 0 and J = 1 only. The properties, we compare in Table VI, 
The substitution of the atomic masses with the nuclear masses affects the wavenumbers of the ν 1 , ν 2 , ν 3 vibrations by 0.8, 0.08, and 0.27 cm −1 , respectively. The ℓ-type doubling constant q 2 is changed by 0.09 MHz. The rotational constants B 0 , B 1 , and B 3 are increased by 15 MHz.
To quantify the degree of quasilinearity of molecular vibrations, Yamada and Winnewisser 75 introduced the quasilinearity parameter γ 0 . In the nomenclature of linear molecules, γ 0 is defined by
yielding γ 0 = −1 for a typical linear molecule and γ = 1 for a typical bent molecule. Molecules falling between the two limiting cases are commonly called quasilinear. Our results give γ 0 = −1 for HCO + , as expected for a degenerate bending mode in well-behaved linear molecules. For HOC + , we find γ 0 = −0.75, such that the two-dimensional bending ν 2 vibration of HOC + is a quasilinear mode. For comparison purposes, we note that γ 0 = −0.65 for the ν 5 vibration of fulminic acid, HCNO, 75, 76 and γ 0 = −0.12 for the ν 5 mode of cyanocarbene, HCCN. 77 To illustrate the internal molecular dynamics in HCO + and HOC + , Figure 1 compares the minimum energy path V MEP along the Jacobi angle θ with the effective bending potentials adi V v1,0 for the excited ν 1 stretching vibration. The effective bending potentials adi V v1,v3 are computed by an adiabatic projection scheme designed for the DVR+DGB approach in the spirit of the method previously developed for tetratomic molecules. 78 The profile adi V v1,v3 differs from V MEP by the angle-dependent energy of the stretching state (v 1 , v 3 ), such that adi V v1,v3 provides a more useful rationalization of the bending vibration. We see that HCO + in Fig. 1 becomes less rigid upon excitation of ν 1 , resulting in a lower effective ν 2 bending frequency. For HOC + , a wide flat region around 180 • is seen on the minimum energy path and on the effective ground-state profile adi V 0,0 , where V MEP (θ = 160 • ) and adi V 0,0 (θ = 160 • ) are approximately 150 and 50 cm −1 higher in energy than the corresponding linear arrangements. The excitation of the stretching ν 1 vibration increases the floppyness of HOC + since a wider angular region is accessible to ν 2 . In addition, HOC + becomes effectively bent when the ν 1 vibration is excited. The barrier to linearity is 20 and 60 cm −1 for v 1 = 1 and v 1 = 2, respectively. Bending of a linear molecule upon stretching was previously observed in the case of C 3 . 79 The profiles in Fig. 1 manifest the coupling between the ν 1 and ν 2 vibrational modes. The other effects, such as the radial coupling, the centrifugal distortion effects, or the Coriolis coupling and their influence of the rovibrational structure of HCO + and HOC + will be addressed in more detail in a future publication.
Our final remark concerns the comparison between experiment and theory. To properly address this issue, in addition to electronic-structure single-point computations, full-dimensional rovibrational calculations in conjunction with a potential energy surface are also required. 80, 81 This is especially important in the case of non-rigid and quasilinear molecular systems with strong potential energy couplings between the vibrational modes and strong kinetic-energy (vibration-rotation) couplings.
